We investigate the effects of magnetostatic interlayer coupling on the formation of magnetic domains in exchange-coupled ferromagnetic films exhibiting perpendicular magnetic anisotropy. Using simple models for the stripe domain structures we investigate how the magnetostatic interlayer interaction affects the domain size. For antiferromagnetically exchange-coupled multilayers, we show that there is a domain overlap due to the magnetostatic interaction which exists only above a critical thickness and below a critical separation between the ferromagnetic films where it is scaled inversely proportional to the antiferromagnetic exchange coupling constant. We show that the magnetostatic coupling is responsible for the periodic "tiger tail" domain structure observed experimentally and demonstrate the dependence of the period of this structure on the interlayer exchange coupling.
I. INTRODUCTION
Thin-film structures composed of ferromagnetic thin films separated by a metallic or an insulating nonmagnetic spacer layer have aroused significant interest. Such systems exhibit giant magnetoresistance ͑GMR͒ or tunneling magnetoresistance ͑TMR͒ phenomena, making them attractive for applications as magnetic field sensors and magnetic randomaccess memories ͑for reviews on GMR and TMR see Refs. 1 and 2, respectively͒. Functioning of these magnetoresistive devices is very sensitive to magnetic interactions between the layers. Therefore, tremendous efforts have been invested in the understanding of the mechanisms controlling these interactions.
One of them is the interlayer exchange coupling ͑IEC͒ which has been thoroughly investigated in the past two decades ͑for reviews of IEC see Refs. 3 and 4͒. It was found that the magnetizations of two ferromagnetic thin films separated by a nonmagnetic metallic spacer layer are coupled via an exchange interaction mediated by the itinerant electrons of the spacer layer. 5 In this case the IEC oscillates between ferromagnetic and antiferromagnetic as a function of the nonmagnetic layer thickness, [6] [7] [8] the periods of the oscillations being determined by critical vectors spanning the Fermi surface. 9 The IEC is explained by the formation of quantumwell states in the spacer layer 10 and originates from the quantum interference of Bloch waves due to spin-dependent reflections at the ferromagnet/paramagnet interfaces, 4 but has essentially the same origin as the Ruderman-Kittel-KasuyaYosida ͑RKKY͒ interaction between localized magnetic moments in a nonmagnetic host metal. 4 If two ferromagnetic films are separated by an insulating barrier layer the mechanism of IEC is the tunneling spin polarization propagating through the barrier. 11, 12 Unlike a metallic spacer layer, the insulating layer leads to nonoscillatory coupling which decays exponentially as a function of the barrier thickness reflecting the evanescent nature of the states mediating the exchange. 13, 14 In this case, the strength and the sign of the interlayer coupling are very sensitive to impurity and defect states in the barrier. 15, 16 If two ferromagnets are separated by an antiferromagnetic spacer layer the IEC is controlled by the antiferromagnetic order in the spacer layer. For example, it was found that ͓Co/ Pt͔ / NiO / ͓Co/ Pt͔ multilayers exhibit oscillatory IEC. 17, 18 The period of oscillation corresponds to the antiferromagnetic ordering period of the NiO, suggesting a correlation of the coupling with the antiferromagnetic order. 19, 20 Another kind of the interlayer coupling may occur due to magnetostatic interactions between the ferromagnetic layers. For example, correlated roughness at the ferromagnet-spacer interfaces results in the Néel coupling, 21 affecting properties of magnetoresistive devices. 22, 23 Uncorrelated interface roughness may produce a biquadratic coupling which has a tendency to align the magnetizations of the two ferromagnetic layers perpendicular to one another. 24 It is well known that interface properties, 25 including roughness, 26 largely control transport characteristics of magnetoresistive devices and therefore their accurate description is critical for the understanding of device performance.
Magnetostatic stray fields play an important role in nonuniformly magnetized films. The magnetostatic interlayer coupling is responsible for a progressive reduction of the remnant magnetization of a hard ferromagnetic layer by repeated switching of a neighboring soft layer. 27 Even under moderate fields, mirrored domains may be formed in the hard and soft layers due to stray fields. 28 The stray fields in one magnetic layer lower the nucleation field in the other layer due to domain walls. 29 Understanding the role of magnetostatic interactions in magnetic layered structures is critical for the development of advanced magnetoresistive devices and recording media.
The magnetostatic coupling affects the formation of domains in exchange-coupled ferromagnetic multilayers exhib-iting perpendicular magnetic anisotropy. The interest in magnetic thin-film layered structures with perpendicular anisotropy has been stimulated by the fact that they are expected to improve density, stability, and reliability of spin valves and magnetic tunnel junctions. 30 Magnetic thin films with perpendicular anisotropy produce stripe domain structures, 31 so that magnetostatic stray fields have a tendency to align magnetic domain moments parallel to one another, i.e., contribute to ferromagnetic interlayer coupling. For antiferromagnetically exchange-coupled multilayers, this magnetostatic coupling competes with the interlayer exchange interaction resulting in unusual domain structures. For example, it was found that CoPt films exchange-coupled antiferromagnetically through Ru ͑Ref. 32͒ layers exhibit a relative shift between the domains of the two magnetic layers. A similar behavior was observed for CoPt films separated by an antiferromagnetic NiO spacer layer. 33 Furthermore, it was found that the orientation of the parallel-aligned magnetization regions reverses periodically along the domain wall, 32, 33 producing a "tiger tail" structure and indicating a more complex mechanism of the domain formation in these multilayers.
Stimulated by these experimental findings, we investigate the effects of the magnetostatic coupling on the formation of domains in exchange-coupled ferromagnetic films exhibiting perpendicular magnetic anisotropy. Using simple models for the stripe domain structures we demonstrate that there is an effect of the magnetostatic interlayer coupling on the domain size in magnetic multilayers with perpendicular anisotropy. For antiferromagnetically exchange-coupled multilayers, we demonstrate that the domain overlap due to the magnetostatic interaction exists only above a critical thickness of ferromagnetic films where it is scaled inversely proportional to the antiferromagnetic exchange coupling constant. We show that the magnetostatic coupling is also responsible for the tiger tail domain structure observed experimentally. 32, 33 
II. DOMAIN SIZE OF A FERROMAGNETICALLY COUPLED MULTILAYER
It is known that magnetostatic interactions influence the domain size in magnetic thin films with perpendicular anisotropy where the magnetization is aligned perpendicular to the plane producing stripe domain structures. For films with thickness much greater than the domain width, the stripe domain size follows Kittel's law which predicts the proportionality between the square of the domain width L 2 and the thickness of a film t. 31 The origin of this behavior is a competition between the magnetostatic energy and the domain wall energy. For such films the magnetostatic energy per unit volume associated with the domains is proportional to the domain size L and inversely proportional to film thickness t. 31 The domain wall energy per unit film volume is inversely proportional to L, reflecting the density of domain walls. According to Kittel the former can be written as E m /2 Ӎ 0.85M 2 L / t, where M is the saturation magnetization of the film. The latter can be expressed as E dw = / L, where is the domain wall energy per unit area. Minimizing the total energy E = E m + E dw leads to an equilibrium domain width
The proportionality between the square of the domain width and the thickness of a film was indeed observed experimentally ͑see, e.g., Ref. 34͒. When the domain width becomes much larger than the film thickness, Kittel's law does not hold ͑see, e.g., Ref. 35͒ and a more accurate account for the magnetostatic energy is necessary. In magnetic multilayers there is an additional contribution to the magnetostatic energy of a magnetic film coming from the stray fields produced by other magnetic films. 36 This contribution has to be taken into account to predict the effect of the film thickness and the separation between the magnetic films on the domain size in a magnetic multilayer.
Here, we consider a bilayer structure consisting of two ferromagnetic layers of thickness t separated by a nonmagnetic spacer layer of thickness d ͑see Fig. 1͒ . We assume that perpendicular anisotropy favors the magnetization perpendicular to the plane within each ferromagnetic layer. We consider the domain structure in the form of magnetic stripes of width L with alternating magnetization in the x direction, as shown in Fig. 1 . The magnetic domains in the two films are aligned parallel due to the magnetostatic coupling and the IEC, both of which favor this alignment. We assume that the magnetization changes abruptly by 180°from one stripe domain to the next, i.e., we neglect the variation of magnetization within the domain wall due to the domain width being much larger than the domain wall width. This may seem to be an oversimplification, but this approximation for the domain wall profile was shown in Ref. 33 to produce excellent agreement with experimental data.
The total magnetostatic energy density of the system per film can be expressed in the form
where
is the magnetostatic intralayer energy per unit volume per film due to the self-interaction of each magnetic layer, FIG. 1. ͑Color online͒ A bilayer structure representing two ferromagnetic films with a stripe domain structure separated by a nonmagnetic spacer layer.
is the magnetostatic interlayer energy density due to the interaction between the layers, and k n x = n / L. These results are consistent with the previous calculations 36 and are derived in the Appendix ͓see Eqs. ͑A25͒ and ͑A27͔͒. This domain configuration constitutes a limiting case of a more complex domain structure, described in Sec. IV, which is formulated by expanding the periodic magnetization in Fourier series along both the x and y directions.
In the limit of large separation between the magnetic films ͑d → ϱ͒, the magnetostatic energy ͑2͒ is reduced to the intralayer energy E M ͑0͒ of a single film of thickness t. When L → ϱ, the latter gives the magnetostatic energy of a uniformly perpendicular-magnetized film E M ͑0͒ =2M 2 . When L Ӷ t we can neglect the exponential in the intralayer energy, which yields an expression consistent with Kittel's result. 31 In the opposite limit of d → 0 the magnetostatic energy ͑2͒ is reduced to the intralayer energy E M ͑0͒ of a single film of thickness 2t.
As follows from Eq. ͑3͒, the magnetostatic intralayer energy decreases with decreasing domain width L, hence favoring a smaller domain size. The magnetostatic energy is competing with the domain wall energy which increases with decreasing domain width L due to the increasing number of domain walls per unit area. We can write the domain wall energy of the system per unit volume per film as follows:
where the domain wall energy per unit area for a single domain wall. The latter is given by =4 ͱ AK, where A and K are the exchange stiffness constant and the uniaxial perpendicular anisotropy constant, respectively. The equilibrium domain size is determined by the competition between the magnetostatic energy ͑2͒ and the domain wall energy ͑5͒ and can be found by minimizing the total energy E = E M + E dw with respect to L. The dependence of the equilibrium domain size as a function of the thickness of the layers is shown in Fig. 2 . Here and throughout this paper, we assume material specific parameters typical for CoPt multilayers for both magnetic films: M = 700 emu/ cm 3 , K =2ϫ 10 6 erg/ cm 3 , and A =1ϫ 10 −6 erg/ cm. We see that for small thickness t the equilibrium domain size rapidly increases implying that the system has a tendency to turn into a single domain state. This is reflected in the energy E plotted in the inset of Fig. 2 as a function of L demonstrating that the energy minima become very shallow when the films are very thin. On the other hand, as thickness increases, the domain size decreases and the energy minima become well defined. This behavior is a strong departure from Kittel's law which predicts that the domain width is scaled as a square root of film thickness. 31 Kittel's scaling is recovered at film thickness of the order of 100 nm and larger for which the domain width L becomes comparable or smaller than t.
In the case of a single ferromagnetic film, the magnetostatic energy determining the domain width is given solely by the magnetostatic intralayer energy E M ͑0͒ . The additional magnetostatic interlayer interaction energy E M ͑1͒ decreases the overall magnetostatic energy and, in fact, makes smaller equilibrium domain size more favorable. This can be seen in Fig. 3 where the equilibrium domain size is plotted as a function of the interlayer separation d. In addition, it leads to deeper minima, corresponding to more stable domains. This effect is significant even for large separations between layers, as seen in Fig. 3 , so that the domain width increases quite dramatically with increasing d ͓and therefore decreasing E M ͑1͒ in absolute magnitude͔. Only when the separation between the layers becomes of the order of the domain size of the single layers does the magnetostatic interlayer interaction become negligible. This, however, occurs in our case for unre- alistically large spacer thickness. Therefore, we find that the magnetostatic interaction energy has an important influence on the domain size.
III. DOMAIN OVERLAP IN ANTIFERROMAGNETICALLY COUPLED BILAYERS
In the presence of antiferromagnetic exchange coupling between magnetic films with perpendicular anisotropy, the domain structure exhibits an interesting behavior. It was found that CoPt films exchange coupled antiferromagnetically through Ru ͑Ref. 32͒ and NiO ͑Refs. 20 and 33͒ spacer layers exhibit a relative shift between the domains of the two magnetic layers. This behavior was explained by the competition between the antiferromagnetic exchange interaction and the magnetostatic coupling making the overlap energetically favorable. 32, 33 Here, we generalize the model introduced in the previous section to obtain additional insight into this phenomenon. In particular, we will show that there is a critical film thickness below which the domain overlap becomes energetically unfavorable.
We assume that there is an antiferromagnetic exchange coupling uniform throughout the surface of the bilayer and is characterized by the energy per unit area J. This interaction is much stronger than the magnetostatic interlayer coupling resulting largely in the antiparallel alignment of magnetic domains with some overlap ␦ produced by the magnetostatic coupling. This leads to the stripe domain structure shown in Fig. 4 .
The domain overlap does not affect the magnetostatic intralayer energy or the domain wall energy, given by Eqs. ͑3͒ and ͑5͒. However, it has an important impact on both the magnetostatic interlayer interaction energy and the interlayer exchange energy. The magnetostatic energy per unit volume per film due to the interaction between the layers, derived as a limiting case of the complex domain configuration described in Sec. IV, is presented in the Appendix ͓see Eq. ͑A26͔͒ and takes the form
This energy is reduced to Eq. ͑4͒ for ␦ = L which corresponds to perfect parallel alignment of the domains in the upper and lower films. The interlayer exchange energy per unit volume per film is
where the interlayer exchange coupling constant J is assumed to be positive for antiferromagnetic coupling. E IEC is minimum when ␦ = 0, i.e., for perfect antiparallel alignment of magnetization. It is the competition between the energies ͑6͒ and ͑7͒ that yields a nonzero equilibrium value for ␦. Figure 5 shows the calculated domain overlap ␦, as a function of layer thickness t for three values of the interlayer exchange coupling J = 0.02, 0.03, and 0.05 erg/ cm 2 , typical for the coupling through NiO in CoPt/ NiO / CoPt systems. 17, 18 This calculation was performed by minimizing numerically the energy E = E M + E IEC . In the calculation we fixed the value of the domain width ͑L =1 m͒ because we found that ␦ is insensitive to L for typical domain sizes, making the domain wall energy E dw a constant value. Two main features are evident from Fig. 5 . First, there is a critical thickness below which the domain overlap disappears. Second, above the critical thickness the overlap increases with thickness of ferromagnetic films t and decreases with the antiferromagnetic exchange coupling constant J.
This behavior can be understood from the asymptotic behavior of the energy E = E M + E IEC when L → ϱ. As follows from Eqs. ͑6͒ and ͑7͒, in this limit the derivative of the energy E with respect to ␦ can be written as
Replacing the summation by integration and taking the integral we find that 
Equating this energy to zero leads to the equilibrium domain overlap given by
It is evident from this equation that when 2M 2 t ӷ Jd the domain overlap ␦ follows a simple relationship:
This result is consistent with that derived previously in Ref.
33 within a model of a single domain wall which was used to explain experimental data for CoPt/ NiO / CoPt multilayers. 37 The fact that for not too small layer thickness the domain overlap is proportional to t 2 and inversely proportional to the antiferromagnetic exchange constant J is evident from Fig. 5 . Here, our numerical calculations ͑symbols͒ and the results obtained from Eq. ͑10͒ ͑solid curves͒ demonstrate excellent agreement.
Equation ͑10͒ predicts that there is a critical thickness,
below which the domain overlap disappears because no real solution of Eq. ͑9͒ exists. The presence of a critical thickness is evident from Fig. 5 . For d = 1 nm and J = 0.02 erg/ cm 2 , we find that the critical thickness is relatively small, t c = 0.45 nm. This value is, however, expected to be enhanced for a larger magnitude of the coupling J according to Eq. ͑12͒. For example, for d = 1 nm and J = 2 ergs/ cm 2 , which is not unrealistic for magnetic multilayers ͑see, e.g., Ref. 4͒, the critical thickness would be t c = 4.5 nm.
The physical origin of the critical thickness follows from the mechanism producing the domain overlap. This overlap arises due to the competition between the magnetostatic interaction and the interlayer exchange coupling: the magnetostatic interaction favors parallel alignment whereas the exchange interaction prefers antiparallel alignment of the domains. On average, the interlayer exchange coupling dominates the magnetostatic interaction and if the two were homogeneous over the surface the domains would align perfectly antiparallel with no overlap. However, the magnetostatic coupling is strongly inhomogeneous over the surface due to the stray fields localized in the vicinity of the domain walls, 33 that makes it energetically favorable to produce a small shift ␦ between the antiparallel aligned domains to reduce the magnetostatic energy. However, when the thickness of magnetic films decreases the degree of inhomogeneity in the distribution of the magnetostatic energy density becomes smaller. At a certain critical thickness, the localization of this energy near domain walls becomes insufficient to stabilize the relative domain shift.
A similar effect occurs with increasing separation between magnetic layers. For a given film thickness t, there is a critical distance between magnetic films,
above which perfectly antiparallel alignment of magnetic domains becomes energetically more favorable. For parameters J = 0.02 erg/ cm 2 and t = 1 nm, we find the critical distance to be approximately 5 nm. According to Eq. ͑13͒ it decreases inversely proportional to J, and hence may be much smaller for a large antiferromagnetic IEC.
IV. "TIGER TAIL" PATTERN IN THE OVERLAP REGION
It was found experimentally that in addition to the overlap there is an additional superstructure in the overlap region, namely, the magnetization reverses periodically, producing a tiger tail pattern. 32, 33 To examine this, we generalize our model of stripe domains by introducing a periodic domain pattern in the overlap region, as shown in Fig. 6 . Here, 2L y is the period in the direction along the overlap region.
The magnetostatic energy is found by expanding the magnetization in Fourier series in both x and y directions, as indicated previously. The detailed derivation is presented in the Appendix. The magnetostatic intralayer and interlayer energies are given by Eqs. ͑A21͒ and ͑A24͒, respectively. The reduction in magnetostatic energy gained by the development of the tiger tail pattern must compete against the energy due to the formation of additional domain walls in the overlap region, making the domain wall energy per unit volume per film
We note that, rigorously in order to find the equilibrium value of L y , we need to minimize the total energy with respect to ␦ and L y simultaneously. For the purposes of illustration, however, we consider the total energy as a function of L y assuming that all the other parameters are fixed. Therefore, the interlayer exchange coupling energy, given by Eq. ͑7͒, does not play a role when minimizing the total energy with respect to L y , and apart from determining the fixed value of ␦ we choose using Eq. ͑10͒. We calculate numerically the total energy and find that it is energetically favorable for the system to produce a periodic domain structure in the overlap region because it further reduces the magnetostatic energy. The inset of Fig. 7 shows the total energy of the system as a function of L y for t = 5 nm, d = 1 nm, and L x =1 m for three values of the domain overlap ␦: 490, 327, and 245 nm. Using Eq. ͑10͒, these correspond to interlayer exchange coupling values of J = 0.01, 0.015, and 0.02 erg/ cm 2 , respectively. As seen from the inset Fig. 7 , there are well defined minima in the total energy indicating that the tiger tail structure reduces the energy.
It is also seen in Fig. 7 that the equilibrium L y decreases with increasing overlap ␦. In order to understand this trend, we can imagine the ferromagnetic overlap region as a onedimensional magnetic wire. Increasing ␦ corresponds to an increase in the size of the wire, thereby increasing the magnetostatic self-interaction of this wire. This increase in the magnetostatic energy can be minimized by the formation of smaller domains along the overlap region, corresponding to smaller L y , at the expense of additional domain wall energy. This behavior is the one-dimensional analog of the dependence of domain size on thickness t of the layer in the stripe domain model ͑see Fig. 2͒ . We have also investigated the dependence of L y as a function of layer thickness and we found similar behavior to the dependence shown in Fig. 7 . Even though the tiger tail patterns have been observed experimentally, 32, 33 no experimental investigations were performed regarding the influence of the interlayer exchange coupling on the shape of these patterns produced along the overlap region. We hope that our theoretical predictions, in particular, the results shown in Fig. 7 , will stimulate further experimental studies of the tiger tail features of the domain overlap phenomenon in antiferromagnetically coupled multilayers with perpendicular anisotropy.
V. CONCLUSIONS
We have investigated the influence of magnetostatic coupling on domain configurations in magnetic bilayer structures with perpendicular anisotropy. Assuming periodic stripe domain patterns with overlap regions resulting from the antiferromagnetic exchange coupling and additional periodic superstructure ͑tiger tail structure͒ along the overlap regions, as was observed in recent experiments, we found an analytic expression for the magnetostatic energy of the system. This allowed us to make quantitative conclusions about the domain size, the magnitude of the domain overlap, and the period of the tiger tail structure. We found that there is strong influence of the magnetostatic interlayer coupling on the equilibrium domain size. Increasing the separation between magnetic layers leads to the increase of the domain size due to the reduced magnetostatic coupling. For a bilayer exhibiting an antiferromagnetic exchange coupling consistent with previous results, we find the domain overlap due to the reduction of the magnetostatic energy in the vicinity of domain walls. We derived an analytic expression which shows how the width of the overlap depends on the magnitude of the antiferromagnetic interlayer exchange coupling, the magnetic layer thickness, and the separation between the magnetic layers. We predicted that there is a critical layer thickness and a critical distance between the layers beyond which the overlap disappears. Finally, we find that it is energetically favorable for the bilayer system to produce a periodic tiger tail structure along the overlap region to further reduce the magnetostatic energy. We hope that our results stimulate further experimental studies of magnetically coupled multilayers to verify our predictions.
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APPENDIX
Consider a bilayer structure consisting of two ferromagnetic films of thickness t with perpendicular anisotropy separated by distance d ͑see Fig. 6͒ . The domain structure of each film consists of periodic stripe domains of width L x . The layers are displaced from perfect antiferromagnetic alignment by ␦. Within the overlap regions there is an additional superstructure with periodically alternating magnetization of period 2L y ͑a tiger tail structure͒, as shown in Fig. 6 . We calculate the magnetostatic energy of the system following the approach used in Ref. 38 . The scalar magnetic potential produced by the bottom ferromagnetic film is given by
where r = ͑x , y , z͒, rЈ = ͑xЈ , yЈ , zЈ͒ and, I͑x,y,z − zЈ͒
It is convenient to rewrite the potential in terms of Fourier components of the magnetization. Using the convolution theorem we obtain
where ⌿ and M denotes the Fourier transform of ⌿ and M, respectively. It can be shown that
In order to calculate the Fourier transform of the magnetization, we use the fact that it is a periodic function in the x direction, so it can be expanded in the Fourier series
where k n x ϵ n / L x and a n ͑y͒ = 1
The magnetization of the bottom layer is given by
Therefore, the Fourier coefficients are nonzero only for odd n and are given by a n ͑y͒ = i n ͓M͑y͒͑e .
͑A16͒
Now we can calculate the potential ͑A1͒ produced by the bottom layer. For z Ͼ t we find
͑A17͒
For 0 Ͻ z Ͻ t we have 
͑A18͒
Given the magnetostatic scalar potential we are now able to calculate the magnetostatic energy. We split the total magnetostatic energy into the energy associated with the interaction within the layers E M ͑0͒ and the energy associated with the interaction between the layers E M ͑1͒ . The magnetostatic intralayer energy per unit volume per film is given by Here, we take into account that the two films are identical and hence the intralyer energy per unit volume needs to be calculated within one film only. The factor 1 2 is due to the double counting. bot ͑x , y , z͒ is the magnetic charge density of the bottom layer which is In the case when there is no superstructure along the y direction we can obtain expressions for magnetostatic energies by letting L y → ϱ. 
